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This is the first work that Frege wrote
in the field of logic, and, although a mere
booklet of eighty-eight pages, it is per-
haps the most important single work ever
written in logic. Its fundamental contri-
butions, among lesser points, are the
truth-functional propositional calculus,
the analysis of the proposition into func-
tion and argument(s) instead of subject
and predicate, the theory of quanti-
fication, a system of logic in which
derivations are carried out exclusively
according to the form of the expressions,
and a logical definition of the notion of
mathematical sequence. Any single one
of these achievements would suffice to
secure the book a permanent place in the
logician’s library.

Frege was a mathematician by train-
ing;* the point of departure of his
investigations in logic was a mathemati-
cal question, and mathematics left its
mark upon his logical accomplishments.
In studying the concept of number,
Frege was confronted with difficulties
when he attempted to give a logical
analysis of the notion of sequence. The
imprecision and ambiguity of ordinary
language led him to look for a more appro-
priate tool; he devised a new mode of
expression, a language that deals with
the ““conceptual content” and that he
came to call ‘Begriffsschrift”.®? This
ideography is a “formula language”,
that is, a lingua characterica, a language

written with special symbols, “for pure
thought”, that is, free from rhetorical
embellishments, ‘“modeled upon that of
arithmetic’, that is, constructed from
specific symbols that are manipulated
according to definite rules. The last
phrase does not mean that logic mimics
arithmetic, and the analogies, uncovered
by Boole and others, between logic and
arithmetic are useless for Frege, precisely
because he wants to employ logic in

a See his Imaugural-Dissertation (1873) and
his thesis for venia docendi (1874).

b In the translation below this term is ren-
dered by ‘‘ideography’, a word used by
Jourdain in a paper (1912) read and annotated
by Frege; that Frege acquiesced in its use was
the reason why ultimately it was adopted here.
Another acceptable rendition is *‘concept writ-
ing”’, used by Austin (Frege 1950, p. 92e).

Professor Giinther Patzig was so kind as to
report in a private communication that a
student of his, Miss Carmen Diaz, found an
occurrence of the word ‘ Begriffsschrift’’ in
Trendelenburg (1867, p. 4, line 1), a work that
Frege quotes in his preface to Begriffsschrift
(see below, p. 6). Frege used the word in
other writings, and in particular in his major
work (1893, 1903), but subsequently he seems
to have become dissatisfied with it. In an
unpublished fragment dated 26 July 1919 he
writes: “I do not start from concepts in order to
build up thoughts or propositions out of them;
rather, I obtain the components of a thought
by decomposition [Zerfallung] of the thought.
In this respect my Begriffsschrift differs from
the similar creations of Leibniz and his suec-
cessors—in spite of its name, which perhaps I
did not choose very aptly”.
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order to provide a foundation for arith-
metic. He carefully keeps the logical
symbols distinct from the arithmetic
ones. Schrioder (1880) criticized him for
doing just that and thus wrecking a
tradition established in the previous
thirty years. Frege (1882, pp. 1-2)
answered that his purpose had been quite
different from that of Boole: “My inten-
tion was not to represent an abstract
logic in formulas, but to express a content
through written signs in a more precise
and clear way than it is possible to do
through words. In fact, what I wanted to
create was not a mere calculus ratio-
cinator but a lingua characterica in
Leibniz’s sense”.

Mathematics led Frege to an innova-
tion that was to have a profound in-
fluence upon modern logic. He observes
that we would do violence to mathemati-
cal statements if we were to impose upon
them the distinction between subject and
predicate. After a short but pertinent
critique of that distinction, he replaces
it by another, borrowed from mathe-
matics but adapted to the needs of logic,
that of function and argument. Frege
begins his analysis by considering an
ordinary sentence and remarks that the
expression remains meaningful when
certain words are replaced by others. A
word for which we can make such succes-
sive substitutions occupies an argument
place, and the stable component of the
sentence is the function. This, of course,
is not a definition, because in his system
Frege deals not with ordinary sentences
but with formulas; it is merely an ex-
planation, after which he introduces
functional letters and gives instructions
for handling them and their arguments.
Nowhere in the present text does Frege
state what a function is or speak of the
value of a function. He simply says that a
judgment is obtained when the argument
places between the parentheses attached
to a functional letter have been properly
filled (and, should the case so require,
quantifiers have been properly used).

It is only in his subsequent writings (1891
and thereafter) that Frege will devote a
great deal of attention to the nature of a
function.

Frege’s booklet presents the proposi-
tional calculus in a version that uses the
conditional and negation as primitive
connectives. Other connectives are exa-
mined for a moment, and their inter-
translatability with the conditional and
negation is shown. Mostly to preserve
the simple formulation of the rule of
detachment, Frege decides to use these
last two. The notation that he introduces
for the conditional has often been criti-
cized, and it has not survived. It presents
difficulties in printing and takes up a
large amount of space. But, as Frege
himself (1896, p. 364) says, “the comfort
of the typesetter is certainly not the
summum bonum’, and the notation
undoubtedly allows one to perceive the
structure of a formula at a glance and to
perform substitutions with ease. Frege’s
definition of the conditional is purely
truth-functional, and it leads him to the
rule of detachment, stated in §6. He
notes the discrepancy between this truth-
functional definition and ordinary uses of
the word “if”’. Frege dismisses modal
considerations from his logic with the
remark that they concern the grounds for
accepting a judgment, not the content of
the judgment itself. Frege's use of the
words ‘‘affirmed’” and ‘‘denied”, with
his listing of all possible cases in the
assignment of these terms to proposi-
tions, in fact amounts to the use of the
truth-table method. His axioms for the
propositional calculus (they are not
independent) are formulas (1), (2), (8),
(28), (31), and (41). His rules of inference
are the rule of detachment and an un-
stated rule of substitution. A number of
theorems of the propositional calculus
are proved, but no question of complete-
ness, consistency, or independence is
raised.

Quantification theory is introduced in
§ 11. Frege’s instructions how to use
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italic and German letters contain, in
effect, the rule of generalization and the
rule that allows us to infer 4 > (z)F(x)
from 4> F(z) when « does not oceur
free in A. There are three new axioms:
(58) for instantiation, (52) and (54) for
identity. No rule of substitution is
explicitly stated, and one has to examine
Frege’s practice in his derivations to see
what he allows. The substitutions are
indicated by tables on the left of the
derivations. These substitutions are simul-
taneous substitutions. When a substitu-
tion is specified with the help of “I'”,
which plays the role of what we would
today call a syntactic variable, particular
care should be exercised, and it proves
convenient to perform the substitutions
that do not involve ‘“I"” before that in-
volving “I"” is carried out. The point will
become clear to the reader if he compares,
for example, the derivation of (51) with
that of (98). Frege’s derivations are quite
detailed and, even in the absence of an
explicit rule of substitution, can be unam-
biguously reconstructed.

Frege allows a functional letter to
occur in a quantifier (p. 24 below). This
license is not a necessary feature of
quantification theory, but Frege has to
admit it in his system for the definitions
and derivations of the third part of the
book. The result is that the difference
between function and argument is blur-
red. In fact, even before coming to
quantification over functions, Frege
states (p. 24 below) that we can con-
sider @(4) to be a function of the
argument ¢ as well as of the argument
A. (Thisis precisely the point that Russell
will seize upon to make it bear the brunt
of his paradox—see below, p. 125). It is
true that Frege writes (p. 24 below) that,
if a functional letter occurs in a quanti-
fier, “this circumstance must-be taken
into account”. But the phrase remains
vague. The most generous interpretation
would be that, in the scope of the quanti-
fier in which it occurs, a functional letter
has to be treated as such, that is, must

be provided with a pair of parentheses
and one or more arguments. Frege,
however, does not say as much, and in the
derivation of formula (77) he substitutes
% for ain f(a), at least as an intermediate
step. If we also observe that in the deri-
vation of formula (91) he substitutes & for
f, we see that he is on the brink of a
paradox. He will fall into the abyss when
(1891) he introduces the course-of-values
of a function as something ““complete in
itself”’, which “may be taken as an
argument’’. For the continuation of the
story see pages 124-128.

This flaw in Frege’s system should not
make us lose sight of the greatness of his
achievement. The analysis of the propo-
sition into function and argument, rather
than subject and predicate, and quanti-
fication theory, which became possible
only after such an analysis, are the very
foundations of modern logic. The prob-
lems connected with quantification over
functions could be approached only
after a quantification theory had already
been established. When the slowness and
the wavering that marked the develop-
ment of the propositional calculus are
remembered, one cannot but marvel at
seeing quantification theory suddenly
coming full-grown into the world. Many
years later (1894, p. 21) Peano still
finds quantification theory ‘‘abstruse”
and prefers to deal with it by means of
just a few examples. Frege can proudly
answer (1896, p. 376) that in 1879 he had
already given all the laws of quanti-
fication theory; ‘“these laws are few in
number, and I do not know why they
should be said to be abstruse”.

In distinguishing his work from that of
his predecessors and contemporaries,
Frege repeatedly opposes a lingua charac-
terica to a calculus ratiocinator. He uses
these terms, suggested by Leibniz, to
bring out an important feature of his
system, in fact, one of the greatest
achievements of his Begriffsschrift. In the
pre-Fregean calculus of propositions and
classes, logic, translated into formulas,
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is studied by means of arguments resting
upon an intuitive logic. What Frege
does is to construct logic as a language
that need not be supplemented by any
intuitive reasoning. Thus he is very care-
ful to describe his system in purely
formal terms (he even speaks of letters—
Latin, German, and so on—rather than
of variables, because of the imprecision
of the latter term). He is fully aware
that any system requires rules that can-
not be expressed in the system ; but these
rules are void of any intuitive logic;
they are ““rules for the use of our signs”
(p- 28 below): the rule of detachment,
the rules for dealing with quantifiers.
This is one of the great lessons of Frege’s
book. It was a new one in 1879, and it
did not at once pervade the world of
logic.

The third part of the book introduces a
theory of mathematical sequences. Frege
is moving toward his goal, the logical
reconstruction of arithmetic. He defines
the relation that Whitehead and Russell
(1910, part II, sec. E) came to call the
ancestral relation and that later (1940)
Quine called the ancestral. The proper
ancestral appears in § 26 and the ances-
tral proper in § 29. Subsequently Frege
will use the notion for the justification of
mathematical induction (1884, p. 93).
Dedekind (below, p. 101, and 1893,
XVII) recognized that the ancestral
agrees in essence with his own notion of
chain, which was publicly introduced
nine years after Frege’s notion.

At times Begriffsschrift begs for a
clarification of linguistic usage, for a
distinction between expressions and what
these expressions refer to. In his sub-
sequent writings Frege will devote a
great deal of attention to this problem.
On one point, however, the book touches
upon them, and not too happily. In § 8
identity of content is introduced as a
relation between names, not their con-
tents. “|——4 = B” means that the
signs “A” and “B” have the same
conceptual content and, according to
Frege, is a statement about signs.°
There are strong arguments against such

a conception, and Frege will soon recog-
nize them. This will lead him to split the
notion of conceptual content into sense
(“Sinn”’) and reference (*Bedeutung’)
(1892a, but see also 1891, p. 14; these
two papers can be viewed as long emenda-
tions to Begriffsschrift).

In 1910 Jourdain sent to Frege the
manuscript of a long paper that he had
written on the history of logic and that
contained a summary of Begriffsschrift.
Frege answered with comments on a
number of points, and Jourdain incor-
porated Frege’s remarks in footnotes to
his paper (1912). Some of these footnotes
are reproduced below, at their appro-
priate places, with slight revisions in
Jourdain’s translation of Frege’s com-
ments (moreover, the German text used
here is Frege’s copy, and there are in-
dications that the text that he sent to
Jourdain and the copy that he preserved
are not identical).

A few words should be said about
Frege’s use of the term ““Verneinung”.
In a first use,  Verneinung” is opposed
to “Bejahung”, “verneinen” to “beja-
hen”, and what these words express is, in
fact, the ascription of truth values to
contents of judgments; they are trans-
lated, respectively, by ‘“denial” and
“affirmation”, ‘“to deny” and “to
affirm”’. The second use of ““ Verneinung”’
is for the connective, and when so used it
is translated by ‘‘negation”.

A number of misprints in the original
were discovered during the translation.
Most of them are included in the errata
list that the reader will find in the reprint
of Frege’s booklet (1964, pp. 122-123).
Those that are not in that list are the
following :

(1) On page XV, lines 6u, 5u, and 3u
of the German text, “4” and “B”
(which are alpha and beta) are not of the
same font as “@” and “¥”, while
they should be;

¢ On the nature of identity see comments in
the present volume by Whitehead and Russell
(below, pp. 218-219) and by Skolem (below,
PP. 304-305).
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(2) On page 29 of the German text, in
§ 15, the letters to the left of the long
vertical line under (1) should be “a” and
“b”, not “a” and “b”’;

(3) The misprint indicated in footnote
18, p. 57 below;

(4) The misprint indicated in footnote
21, p. 65 below.
Moreover, Misprint 3 in the reprint’s list
does not occur in the German text used
for the present translation; apparently,
it is not a misprint at all but is simply
due to the poor printing of some copies.
The reprint also introduces misprints of

its own: on page 1, line 4u, we find
“——"" where there should be “‘|—";

b

on page 62, near the top of the page,

u;n should be “%”'; on page 65 there

should be a vertical negation stroke
attached to the stroke preceding the first
occurrence of “A(y)”’; on page 39 an un-
readable broken “c’’ has been left un-
corrected.

The translation is by Stefan Bauer-
Mengelberg, and it is published here by
arrangement with Georg Olms Verlags-
buchhandlung.

PREFACE

In apprehending a scientific truth we pass, as a rule, through various degrees of
certitude. Perhaps first conjectured on the basis of an insufficient number of particular
cases, a general proposition comes to be more and more securely established by being
connected with other truths through chains of inferences, whether consequences are
derived from it that are confirmed in some other way or whether, conversely, it is seen
to be a consequence of propositions already established. Hence we can inquire, on the
one hand, how we have gradually arrived at a given proposition and, on the other,
how we can finally provide it with the most secure foundation. The first question
may have to be answered differently for different persons ; the second is more definite,
and the answer to it is connected with the inner nature of the proposition considered.
The most reliable way of carrying out a proof, obviously, is to follow pure logic, a
way that, disregarding the particular characteristics of objects, depends solely on those
laws upon which all knowledge rests. Accordingly, we divide all truths that require
justification into two kinds, those for which the proof can be carried out purely by
means of logic and those for which it must be supported by facts of experience. But
that a proposition is of the first kind is surely compatible with the fact that it could
nevertheless not have come to consciousness in a human mind without any activity of
the senses.? Hence it is not the psychological genesis but the best method of proof that
is at the basis of the classification. Now, when I came to consider the question to
which of these two kinds the judgments of arithmetic belong, I first had to ascertain
how far one could proceed in arithmetic by means of inferences alone, with the sole
support of those laws of thought that transcend all particulars. My initial step was
to attempt to reduce the concept of ordering in a sequence to that of logical conse-
quence, so as to proceed from there to the concept of number. To prevent anything
intuitive [Anschauliches] from penetrating here unnoticed, I had to bend every effort
to keep the chain of inferences free of gaps. In attempting to comply with this require-
ment in the strictest possible way I found the inadequacy of language to be an

1 Since without sensory experience no mental development is possible in the beings known to
us, that holds of all judgments.
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obstacle ; no matter how unwieldy the expressions I was ready to accept, I was less
and less able, as the relations became more and more complex, to attain the precision
that my purpose required. This deficiency led me to the idea of the present ideography.
Its first purpose, therefore, is to provide us with the most reliable test of the validity
of a chain of inferences and to point out every presupposition that tries to sneak in
unnoticed, so that its origin can be investigated. That is why I decided to forgo ex-
pressing anything that is without significance for the inferential sequence. In §3 I
called what alone mattered to me the conceptual content [begrifflichen Inhalt]. Hence
this definition must always be kept in mind if one wishes to gain a proper understand-
ing of what my formula language is. That, too, is what led me to the name “ Begriffs-
schrift”’. Since I confined myself for the time being to expressing relations that are
independent of the particular characteristics of objects, I was also able to use the
expression “‘ formula language for pure thought ™. That it is modeled upon the formula
language of arithmetic, as I indicated in the title, has to do with fundamental ideas
rather than with details of execution. Any effort to create an artificial similarity by
regarding a concept as the sum of its marks [Merkmale]] was entirely alien to my
thought. The most immediate point of contact between my formula language and that
of arithmetic is the way in which letters are emploved.

I believe that I can best make the relation of my ideography to ordinary language
[Sprache des Lebens]] clear if I compare it to that which the microscope has to the
eye. Because of the range of its possible uses and the versatility with which it can
adapt to the most diverse circumstances, the eye is far superior to the microscope.
Considered as an optical instrument, to be sure, it exhibits many imperfections, which
ordinarily remain unnoticed only on account of its intimate connection with our mental
life. But, as soon as scientific goals demand great sharpness of resolution, the eye’
proves to be insufficient. The microscope, on the other hand, is perfectly suited to
precisely such goals, but that is just why it is useless for all others.

This idcography, likewise, is a device invented for certain scientific purposes, and
one must not condemn it because it is not suited to others. If it answers to these
purposes in some degree, one should not mind the fact that there are no new truths in
my work. I would console myself on this point with the realization that a development
of method, too, furthers science. Bacon, after all, thought it better to invent a means
by which everything could easily be discovered than to discover particular truths, and
all great steps of scientific progress in recent times have had their origin in an improve-
ment of method.

Leibniz, too, recognized—and perhaps overrated—the advantages of an adequate
system of notation. His idea of a universal characteristic, of a calculus philosophicus
or ratiocinator,? was so gigantic that the attempt to realize it could not go beyond the
bare preliminaries. The enthusiasm that seized its originator when he contemplated
the immense increase in the intellectual power of mankind that a system of notation
directly appropriate to objects themselves would bring about led him to underestimate
the difficulties that stand in the way of such an enterprise. But, even if this worthy
goal cannot be reached in one leap, we need not despair of a slow, step-by-step approxi-
mation. When a problem appears to be unsolvable in its full generality, one should

2 On that point see Trendelenburg 1867 [pp. 1-47, Ueber Leibnizens Entwurf einer allgemeinen
Charakteristik]).







